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Abstract 

We study the quantum entanglement between two coupled cavities, in 
which one is initially prepared in a mesoscopic superposition state and the 
other is in the vacuum in dissipative environment and show how the en- 
tanglement between two cavities can arise in the dissipative environment. 
The dynamic behavior of the nonlocality for the system is also investigated. 
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Quantum entanglement has been recognized as an important resource for quantum 
information processing [1,2]. Entanglement can exhibit the nature of a nonlocal corre- 
lation between quantum systems that have no classical interpretation. In recent years, 
the quantum information processing by utilizing the cavity QED has attracted much 
attention [3-7], and the entanglement generation and nonlocality test of two cavity 
fields have been investigated [8-11]. Meanwhile, the system of two distinct coupled 
cavities in dissipative environment has been proposed to study the reversible decoher- 
ence of mesoscopic superposition states [12,13]. On the other hand, there have been 
theoretical and experimental studies on quantum nonlocality for continuous variables, 
in terms of Wigner representation in phase space based upon parity measurement and 
displacement operation [14-16], or by using the pseudospin Bell operator [17,18]. In 
this Letter, we study the quantum entanglement between two coupled cavities, in which 
one is initially prepared in a mesoscopic superposition state and the other is in the vac- 
uum in dissipative environment. We show how the entanglement between two distinct 
cavities can be generated in the dissipative environment. The influence of different 
initial states of the cavities on the entanglement is also discussed. Furthermore, we 
investigate the dynamic behavior of the quantum nonlocality based on parity measure- 
ment for the two coupled cavity fields in a dissipative environment. 

We consider the situation that two distinct cavities are coupled in the dissipative 
environment. The master equation describing the time evolution of the cavity fields 
under the usual Born-Markov approximation is given by [12,13], 

= -{iou + k)a)ap{t) + {iu - k)p{t)o)a + 2kap{t)a} 

- {iuj + kpbp{t) + {iuj - k)p{tpb + 2kbp{tp 

- i-f[a^bp{t) - p{t)a^b] - i-f[b^ap{t) - p{tpa], (1) 

where k denotes the decay constant, 7 is the coupling constant of two cavity fields, a 
(a^) is the annihilation (creation) operator of cavity field A, b (b^) is the annihilation 
(creation) operator of cavity field B, and u is the frequency of cavity fields referred A 
and B, two resonating identical cavities. In Ref. [12,13], the cavity field B is regards as 
a well-controlled single mode environment. In some extents, the entanglement between 
cavity fields A and B can be regarded as nonclassical correlation between a cavity 
field and its well-controlled single mode environment. It is easy to obtain the explicit 
analytical solution of Eq.(l) as follows, 

p{t) = V [1 - e^P(-^^0]"'^"V i^2a"^&"V(0)a^"^&^"^^2^|, (2) 

where 

Ui — exp[—it(uja'a + ub^b + ^a)b -\- 76^0)], (3) 

and 

C/2 = exp[-fct(a^a + 6^6)]. (4) 

Firstly, we assume that the cavity field A is prepared in a single photon Fock state 
|1) and the cavity field B is prepared in the vacuum state. Then, the time evolution 
density operator p{t) can be written as 

p{t) = {l-e-''')mm + e-'''\^){^l (5) 
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where = cos7t|10)— isin7t|01). The concurrence [19] quantifying the entanglement 
between two cavity fields described by p{t) in Eq.(5) can be easily obtained 

C = |exp(-2/ct)sin27t|, (6) 

where |a;| gives the absolute value of x. One may expect that there are some relations 
between the entanglement and mixedness of cavity field A. In fact, a simple equation 
can be derived to characterize the relation between the entanglement and mixedness 
of cavity field A. If we quantify the mixedness of cavity field A by making use of the 
linear entropy defined by, 

M = 1 - Trpl, (7) 

where pA is the reduced density matrix of the cavity field A. For the density matrix 
p{t) in Eq.(5), the linear entropy M is obtained 

M = 2e-^'=* cos^ 7t(l - e^^^^* cos^ 7^). (8) 

We can see that the purity of the cavity field A is directly related with the entangle- 
ment between the cavities A and B in the dissipation. 



Then, we assume that the cavity field A is initially prepared in a pure state |0) = 

cos(^/2)|l) + sin(^/2)e^^|0) or a mixed state cos2(^/2)|l)(l| + sm'^{9/2)\0) {0\, and the 
cavity field B is still in the vacimm state. We can see that the two kinds of initial 
conditions cause the same entanglement evolution. We can find the time evolution 
density matrix 

p{t) = [1 - e-2'=*cos2(^/2)]|00)(00| +cos2(^/2)exp(-2A;i)|^)(V'| 

+ ^ sin ^ exp(-H) [exp{-iujt - ir) (00 1 + exp{iujt + ir) |00) (9) 

for pure initial state and 

= [l-e-^'^*cos^(^/2)]|00)(00| + cos2(^/2)exp(-2H)|^)(^|, (10) 

for mixed initial state, respectively. The entanglement quantified by concurrence of 
fields A and B for two kinds of initial conditions have the same expression as follows, 

C = I exp(-2A;i) cos^(^/2) sin(27i) | . (11) 

Prom Eq.(ll), we can see that the entanglement is proportional to the particle popu- 
lation of cavity field A in the single photon Fock state |1). 

Next, we discuss two kinds of entangled state of two cavities in dissipative envi- 
ronment. We assume that the initial state of two cavity fields is in one of four Bell 
states, i.e., p(0) = where the four BeU states {% = 1,2,3,4) are defined 

by 

\B') = ^{\ii) + m), 

\B') = ^{\n)-m), 
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l^') = ^(|io) + |oi)), 

|S^) = ^(|10)-|01)). (12) 

It is easy to prove that \B^) and IB"^) in the cavities are more fragile against dissipative 
environment than \B^) and \B^). The four expressions of concurrence of the time 
evolution density matrix corresponding four different initial Bell states can be written 
as 

C(^) =exp(-4A;i), 
C(2) = exp(-4fci), 

= exp(-2A;t), 

C(^) = exp(-2A;t). (13) 

From Eq.(13), we can easily see that the entanglement of \B^) and |i?2) arc more fragile 
than entanglement of \B^) and \B^) in the independent dissipative environment. In 
the above discussion, we have set 7 = 0, i.e., not any direct coupling between cavity 
A and B. If 7 7^ 0, the time evolution density matrices corresponding initial \B^) or 
\B'^) can not be regarded as mixed two-qubit states but mixed two-qutrit states [20]. 
However, the time evolution density matrices corresponding initial \B^) or {B"^) arc still 
two-qubit mixed states, and their concurrences given by exp(— 2A;t) are independent 
with the coupling constant 7. 

For another initial condition of interest, i.e., the cavity A is prepared in a meso- 
scopic superposition state N{9, (j)){\ae^'^) + e*^|Q;e~"^)), where 

N{9,(j)) = [2 + 2cos(^ - |a|2sin20)exp(|a|2cos20- |a|^)]"5 (14) 

is the normahzation constant and |ae''="^) is the coherent state. The cavity B is in the 
vacuum state. The time evolution density matrix p{t) can be expressed as, 

p{t) = N'{e,<j)){\a4t)){a4t)\ ® |/3+(t))(/5+(t)| + |«_(t))(a_(t)| ® |/3_(t))(/?_(t)| 

+ m\o^+{t)){o^-{t)\ ® \(3+{t)){(3-{t)\ + h.c.]}, (15) 

where 

a±{t) = ae^''''-'^^-''^ cos -ft, /?±(t) = -iae^*'^-*"*^'^* sin7i, 

m = e-^xp[(l - e-'''){e'^f - l)\a\']. (16) 

Since the density operator in Eq.(15) can be considered as a mixed two-qubit state 
[21], we adopt the entanglement of formation [22] to calculate the entanglement be- 
tween cavities A and B. For a mixed two-qubit state, the entanglement of formation E 
related to the concurrence C hj E = + |Vl — C^), where h is the binary entropy 
function h{x) = — a;log2a; — {1 — x) log2(l — x) [19]. 

In Fig.l, the entanglement of formation E of the mixed state p{t) is plotted 
as a function of the degree of decay d = Vl — e^^fct g^j^j initial amplitude a of 
the mesoscopic superposition state. It is shown that the entanglement between cavity 
A (which is initially in even coherent state) and cavity B (initially in vacuum state) 
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Figure 1: The entanglement of formation E of the mixed state p{t) is plotted as 
a function of the degree of decay d and the initial amplitude a of the mesoscopic 
superposition state for j/k = 6, (p = 7i/2 and 9 = 0. 

arises in the dissipative process. The maximal value of entanglement achieved during 
the evolution firstly increases with the initial amplitude of the even coherent state, then 
decay slowly. In some appropriate values of the amplitude, the entanglement exhibit 
the revival and collapse phenomenon. If the initial amplitude of the even coherent 
state is large enough, the revival of entanglement does not appear. 

The entanglement of formation E of the mixed state p{t) is plotted as a function 
of the degree of decay d = Vl — e^^^* and the initial amplitude a in Fig.2. In this 
case, the initial superposition state in cavity A is a odd coherent state. We can see 
that a different feature of entanglement emerges in this case compared with the one 
in Fig.l. The entanglement decreases with the increase of the amplitude of the odd 
coherent state. For very small initial amplitude, the entanglement exhibits the revival 
and collapse due to the coupling between the cavity A and cavity B. In Fig. 3, the 
entanglement of formation E of the mixed state p{t) is plotted as a function of the 
degree of decay d = y/l — e~^'^* and the initial relative phase factor 6 of the mesoscopic 
superposition state. It is shown that, for large value of the initial amplitude of super- 
position state, the entanglement is not heavily dependent of the relative phase 6 of the 
mesoscopic superposition state. However, for very small value of the initial amplitude, 
the entanglement generation heavily depends on the relative phase 6, which can be 
observed in Fig.4. 

Recently, much attention has been paid to the theoretical studies on quantum non- 
locality for continuous variable. Banaszek and Wodkiewicz have developed a Wigner 
function representation of the Bell-Clauser, Horne, Shimony and Holt (CHSH) [23] in- 
equality using a two- mode parity operator H(/i, u) as a quantum observable [14,15]. In 
what follows, we investigate the dynamic behavior of the quantum nonlocality based 
on parity measurement for the two coupled cavity fields in a dissipative environment. 
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Figure 2: The entanglement of formation E of the mixed state p{t) is plotted as 
a function of the degree of decay d and the initial amplitude a of the mesoscopic 




Figure 3: The entanglement of formation E of the mixed state p{t) is plotted as a 
function of the degree of decay d and the initial relative phase factor 6 of the mesoscopic 
superposition state for •j/k = 6, (p = 7i/2 and a = 1.5. 
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Figure 4: The entanglement of formation E of the mixed state p{t) is plotted as a 
function of the degree of decay d and the initial relative phase factor 6 of the mesoscopic 
superposition state with j/k = 6, = n/2, a = 0.5. 

The type of quantum observable to be measured is a crucial factor in the nonlocality 
test. The two-mode displaced parity operator n(/i, u) is defined by 

U{fi, v) = DMD2{^)^D\{^^)D\{p), (17) 

where -Di(/i) and D2{i') are the displacement operators of the mode 1 and the mode 2, 
respectively, and 

n = Hel ® Iie2 - Hel ® 11^2 ' Hoi ® H^a + Hoi ® H^a, (18) 

with 

oo cx> 

He = ^|2n)(2n|, no = ^|2n + l)(2n + l|. (19) 

n n 

The Bell-CHSH inequality is then 

\B\ = \ (n(/i, v) + n(/i, z/') + n(/i', z/) - n(/i', z/')) I < 2, (20) 

where we call \B\ the Bell measure. The displacement operation can be effectively 
performed using a beam splitter with the transmission coefficient close to one and a 
strong coherent state being injected into the other input port [15]. The two-mode 
Wigner function at a given phase point described by /i and v is [24,16] 

l^(/x,z/) = ^Tr[pn(/i,z/)], (21) 

where p is the density operator of the two cavity fields. Eqs.(20) and (21) lead to the 
Wigner representation of Bell's inequality 

\B\ = y |W^(/x, v) + W{p, v') + W{p!, v) - W{p\ < 2. (22) 
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Measurement of the degree of quantum nonlocality is defined by the maximal violation 
of Bell's inequality (22). The Wigner function of the density operator p{t) in Eq.(15) 
can be derived from the Fourier transform of it's characteristic function 

C{vX) = TApDMD,{C)]- (23) 
Then, we obtain the Wigner function of the density operator p{t) as follows, 

W^(/x,i/) = iV2(^,0){4exp(-2|/^-a+(t)|2-2|i/-/?+(t)|2)+4exp(-2|/x-a_(t)|2-2|t/-/3_ 

TT TT 

.exp[ilm{iyp*4t)-iypi{t))~\u+P4t)\'-^^^^^ 

(24) 

In order to see the evolution of the nonlocality, we calculate the the maximum of the 
Bell measure by the steepest descent method [25]. The result (According to Banaszck 
and Wodkiewicz [15], we choice the parameters p = u = in Eq.(22)) is displayed in 
Fig. 5. It is found that, the two cavity fields become nonlocal in the beginning of the 
evolution, then, their nonlocality disappear as time proceeds. The maximal value of 
l-Slmao; achicvcd by two fields depends on three parameters, i.e., the initial amplitude 
I a; I, the relative phase 9, and the rate ■j/k. Roughly speaking, it increases with \a\ 
and '~f/k. If the initial amplitude is small enough and the rate 7/A; is large enough, 
the revival of the Bell violation can be observed. We have also calculated the maximal 
violation in the case with ^ = and |a| = 0.5, and found that the violation is more 
robust against the dissipation than the one in the case with 9 — tt and |q;| = 0.5, 
although its maximal value of violation is lowered. 

In conclusion, wc investigate the entanglement between two distinct coupled cavi- 
ties, in which one is initially in the schrodinger cat state and the other is in the vacuum 
in the dissipative environment. We find that the relative phase of the cat state play a 
very sensitive role in the entanglement if the initial amplitude of the schrodinger cat 
state is very small. It is also shown that the entanglement between two cavities (in 
which one is initially in even coherent state and the other in vacuum state) arises in the 
dissipative process. The maximal value of entanglement achieved during the evolution 
firstly increases with the initial amplitude of the even coherent state, then decay slowly. 
In some appropriate values of the amplitude, the entanglement exhibit the revival and 
collapse phenomenon. The entanglement decay of the four Bell states in the cavities 
surrounded by dissipative environment is also discussed and two kinds of entanglement 
decay rates are found. Finally, the dynamic behavior of nonlocality for the two coupled 
cavity in dissipative environment is examined. We show that the two cavity fields can 
violate the Bell-CHSH inequality during the evolution in the dissipative environment, 
then, the Bell violation disappears as time proceeds. The results obtained in this Letter 
may have some applications to the quantum computation based on the coherent state 
[26,27]. 
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